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Abstract

A summary is given of cur present state of knuwledge concerning
optical and thermal transitions of electroms or holes trapped in solids.
Among the topics covered are integrated intensities for absorption,
the breadth of absorption lines and the rates for thermal ionization

and capture. The relation between the latter and photoconductive

lifetimes is discussed briefly.
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I. Introduction

The scope of the present paper will be limited to those electronic
transitions in solids that involve lattice vibrations in an important
way.l The simplest category is that of radiation-less transitions--
the thermal ionization of a trapped electron (or the inverse process of
thermal capture). In this process the trapped electron through its
interaction with the lattice acquires energy by absorbing one or more
phonons and is released into the conduction band. For impurities in
germanium or silicon, the ionization energy of .0l or .05 e.v. is less.
than the Debye energy kB for these materials, so that, in priaciple, a
one-phonon transition can take place. For an F center, hovwever, the
ionization energy2’3ofn4 2 e.v. in KBr is many times larger than the
energles of the phonons ~nu .03 &.v., so that thermal ionigation can only
occur as a multi-phonon process. In sections 2 and 3 an explanation
will Ye given of the way in which muiti-phonon transitions are made
possible.

Although optical absorption by trapped carriers can occur without
lattice vibrations, such absorption would have a line spectrum. The

broadening of such a line into a band is of obwious importance for

photoconductivity, and fur this lattice vibrations are essential.

An attempt will be made to summarize the present state of our
knowledge concerning such transitions. References will be givea to
the previous literature to facilitate the reader in following our
discussion, but no attempt will be made to review all of the preiicus
litereture, and significant references will urdoubtedly be omitted--

with apologies tc the authors concerned.

o

R. W. Pohl, Proc. Phys. Soc. 49, (extra part), 3 (1937).

3 B. Szigeti, Trans. Far. Svc. 45, 155 (1949).
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L
Mott and Gurney using the classical Franck-Condon principle

suggested that the broasdening shculd increase in proportion to the

5-11 yjdicate

square root of the absclute temperature. Many experiments
good agreement with this suggesticn at high temperatures. At low
temperatures, however, the line width did not approach zero, but reduced
to a constant Vtalue.s-11 For KBr, the residual line width of sabout

.2 e.v. 18 one order of magnitude larger than the Detye energy!

Schon12 suggested that the residual line width was produced by the
zerou-point oscillations of the lattice. Calculaticns based on a simple

ccnfigurational coordinate model (for different materials) were made by

13-15 1c 17
Williams, =52 Klick,Lo and Viem' ! to obtain more detalled information

concerning the shape of the bands end the wey their width changed with

temperature.

N. F. Mott end R. W. Gurney, "Electronic Processes in.Icnic Crystals,"

i Oxfcrd Press, New York, 1940, p. 117.
| C. C. Klick, J. Phys. Chem. 57, T76 (1953).
C. C. Klick, J. Opt. Soc. 41, 816 (1951).
C. Klick and J. H. Schulman, J. Opt. Soc. Am. 40, 509 (1950).

H. Brinkman and C. C. Vlam, Physica 14, 650 {1949).

\O @ N O W
Q

C. C. Vlam, Physica 15, 609 (1949).

¥ 10 g, F. Homeka and C.C. Vlam, Physica 19, 943 (1953).

11 p, p. Johnscn and F. J. Studer, Phys. Rev. 82, 970 (1951).

i M. Schon, Ana. Physik Series 6, 3, 343 (1948).
13 F. E. Williems, J. Chem. Phys. 19, 45T (1951).

F. E. Wiliiams, Phys. Rev. 82, 281 (1951).

15 p. E. williams and M. H. Hibb, Phys. Rev. 8k, 1181 (1951).
C. C. Klick, Phys. Rev. 85, 154 {1952).
17 C. C. Vlam, "The Structure of the Emission Bands of Luminiscent Solids

Thesis, University «f Groningen, July 1953.
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In Section 3 we shall discuss the configurational coordinate model

R o ey

in che light of a generclized Franck-Condon principle.18 In particular,
we shall discuss the tand shape and width at low, high and internediate
temperatures. We shall alsc explein the observe.tion19 that total
intensities of absorption (cr emissicn) are essentislly indeperndent

of temperature.

: 18 u. Lax, J. Chem. Phys. 20, 1752 (1952). Equetions quoted from this
paper will be prefixed by the letter I.
19

See especially reference 17, figures 9 and 1k, pp. 26-32.
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2. Optical Absorption by Trapped Electrons: Integrated Intensities

An electron trapped in a crystal will have a wave-function whose
extent is small compared to the wave-leagth ¢f the radiation it can
absurb. It will always be permissible therefore to treat radiation or
abscrption by making & multipole expansion of the electromagnetic field.

When electric dipole radiation does not vanish because c¢f a selection

rule, it will make the dominant contribution and all higher crder effects

e il i
- -

-

O =

may be neglected.

- Vosine
. i

For electrons that ere closely-bound ("deep traps"), including

F centers, the electrouic ¢ucigy will be large curmpared to the Debye

) T

energy of the crystal. The electronic frequencies will then be fast

.

compared to the highest vibrational frequencies and a Born-Oppenheiner

treatment of the electronic nction will be velid. In silicen and

germanium, however, the (hydrogenlike) impurities have icnization

109 TP T AT

' energies f the order .05 e.v. and .0l e.v. which are smaller than the

ane

Debye energy and the Born-Oppenheimer approximation cannot be made
! without further analysis. In treating the broadening of impurity levels
% in semi-conducters, it was found, however, that the important vibrations

are those whose wave lengths are cocmperable to the Bohr radius, ncre

1 precisely, whose propagation constant 77 = (2/a) where a is the Bohr

]
J
. 20 .
| radius in the crystal. The ratio ¢f vibraticnal energy to ground state
] binding energy is then Fw/Eg ¢ R \[ (2/2)/Eg where Y is the
l

~§ velocity of sound. This ratio is about .1 c¢r .2 in Ge or Si, so that it

: is still a fairly good approximation to emplicy the Born-Oppenheimer

l <
| 3
‘ E‘ method,
g
;B
ﬂl F 20 . . ,
| r M. Lax and E. Bu-stein, Bruadening of Impurity Levels in Silicon.

> To be submitted to the Physical Review.

.

T e e




Ar analysis of the absurption and emissicn of electric dipole
radiation by an electron trepped in e sclid has already been given using
the Born-Oppenheiner appr<.ximation.18 The principal result of this
cnalysis is incorporated in the starting equai:i.onl8 I(2.1) for the

absorptiovn cross-secticn:

. 8 ]’T U —p—
ai( (2.1)

The factors in the brackets take account of the nmodificaticn of the

b . oo

electromagnetic field in the crystel: n = optical index of refraction,

Ty

K = optical dielectric constant, EQ/E = ratio of average electric fleld
at the center to its avernge velue in the crystal.18 The shape of the

absorption apectrum is contaired in Iba( }) ) where the subscripts indicate

thet a transiticn has taken place from electrcnic state (5 b} (r» . X)
A ) >

to elecironlc state N \‘L,x {with any cccompanying change in

the vibreticnal states). Here r is the electron coordinate and x the

set of nuclear cocrdinates. The electric moment for the transition is

given by

Mb (x} = dﬁ;(ﬂ,X\ en (\)Q(rx,x) dno (2.2)
o
y

The integrated t:tbtsorpti.onl8 tron I(4.3) is given by:

o e .
J/:\'_h:\‘-.))d(hp) :AV_UMM(X)\U:J atx)le(xﬂ 1y 23

e iy A

when PO_(X) d \7( is the (quantum-mccharical) thermal average
probability of finding the nuclear cocrdinates in dx. Tc =& zeroth

-5-
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apprcximaticn, Mba(x) will nct depend significantly con x for the
moderate displacements thet occur in lattice vibrations. Then (2.3)
reduces approximately to a ccnstant value l Mm(o\ \2 independent
cf temperature--in agreement with the widespread cbservation that the
integrated absorption is essentially constant over a wide temperature
range even though the breadth and shape ¢f the abscrption spectrum mey
change appreciably. To a first approximation M, (x) 2= C + Dx and

Ay (WMl I + Fre)

s8¢ that the effect on the integroted intensit

v iz to produce an
increase with temperature that is second order in the ratic D/C. (The
primary effect of such a linear term is to elter somewhat the shape
«f the abscrption spectrunm. Dex*t;e:ra1 has found that the usual Gaucsian
shape can be altered by 20 per cent or more on the wings.)

The integrated absorption cross-section in the presence of vibration
con therefore be estimated from the corresponding cross-secticn in the
necn=-vibrating lattice. We can avoid statements that depend on an

explicit choice of electronic wave-functions by introducing the oscillatom

strength

§\xx:‘ (2 mf/t;\l)( Eb - Eo.) (\/3) \& bﬂ\a (2.4)

The electronic (rigid-lattice) cross=section to all pcssible final states

b can then be written

r=§(E] s T

2 D. L. Dexter, On the Shapes of Abscrpticn and Emissicn Lines cof

Impurities in Sclids, Office of Scientific Research Technical Note

5h"192= 4
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W £ o= adimug

where r(‘u) :Z gb& é( Eb"Ea- \’\ U) (2.6)
b>a
= (P =2 oo

Each term in (2.€) represents o sharp line beczuse of the neglect
of all sources cf broadening, hcwever, the corresponding tcrm in (2.7)
yields the integrated result for that line, which to a first approximaticr
is valid evern in the presence «f brocadening.

Note that m* cancels out of the combined equations (2.4) and (2.5),
and can therefore be chosen sunewhat erbitrarily. For a highly localized
electron e.g. iu an F center, the first allowed traasition (e.g. 15 to
2p) will have an oscillatcr strength cf the order unity (using m*C:: m)
and higher transitions, e.g. 1s tc np will te reduced roughly by a
factor n3 beeouse of the reduction in overlap. Thus (2.5) and {(2.7)
with these assumed oscillatur siresgths provide a quick rough estimate
of the integrated crcss-sections for the discrete transiticns. Direct
calculations of the oscillator strengths are necessary, for a more
accurate analysis. Such calculations have been carried out by Dexter22
fcr the F-center case.

For electrons whose wave Juncticns are sutficiently slowly varying,
the Wennier-Slater-James treatment of electrons in perturbved periodic
lattices becomee valid. It then becumes possible to represent the wave-
function of a trapped electron as a linear combination of orthcgonalized
atomic (Wannier) crbitals telonging to cne band (if n¢ degeneracy exists).

The ccefficients in this expansion are e slcwly varylng function of their

ce D. L. Dexter, Phys. Rev. 83, 435 (1951).

-7-




] argument--the cell position, and when replaced by a single continuous
function describe the smoucth envelope of the complete wave function

whose rapid variaticns are contained within the Wannier crbitals.

This smooth envelope function may te regarded as a macruscopic Schrodinge:
wave function since it beers the seme relaticn to the complete wave-
functicn as a macroscopic electromagnetic fleld does to the microscopic

i‘ field. Indeed, the macroscopic Schrodinger function obeys & hydrogen-

ki ‘ like wave function with an effective mass different from the vacuum

gh mass Just as a macroscopic electric £ield ohevs a Maxwell equation
containing the medium dlelectric constant.

A slight extension of the Wannler-Slater-James treatment can be

used to show that for clectrons with large orbits, thc electric dipcle

8y
% metrix element can be calculsted to a good approximation directly from
E the mecroscopic Schrodinger wave functicns ignoring the periodic

i 2
. substructure. . A consequence cf this result is that the usual sum

il rule for oscillator strengths
i
N S =01 (2.8)
_ . Yha
: ou b
*
‘ is valid providing that m in (2.4) is the effective mass in the crystal.

¢ ———

If ellipscvidal energy surfaces are present then (2.8) remains valic

I ) provided ﬁ* s interpreted as the harmcenic mean <f the three mnsses:2h
i _}1 , /a" = 1/m + l/m, + 1/ny (2.9)
| B
gJ 23 see tor cxample how the matrix elements of the deformetion potential
§$ are calculated in ref. 18.
%Q e A pruof of this statement will be included in ¢ paper by E. Burstein

and the author c<n optical absorpticn by impurity levels in silicon.

|



If the energy surfaces are spherical and the potential hydrogen-like,
then the oscillator strengths are the same as in the originel hydrogen
atom-~the influence of a change in =ffective mass and dielcctric constant
cancels cut of the oscillator strength formula (2.4%) since Eb'Ea is
rruportioral to m*,-’K2 anc T e is proporticnal to the modified Bohr redius,

¥, -
or to (Km ) 1.

R v Al

¥

% The absorpticn in the ccatinuous spectrum also bears a simple

) ) relaticn to that in a hydrogen atom. The contribution of the cuntinuous

U ot A Lot r'r‘\”
T2t T L d a0
| —

app =20 m]

i
cectrun to | (l)) can be written:

-l

\ t
‘ — et

=y
kx>-\ ) EE% 35 \~L\L)/

""\

o

Tz
where n1= [('9\ )J/E%/)_'I_‘ and Eg is

the ionization encrgy of the ground (1s) state. The integral

ENT(\)) Cl( "\U)= 430 represents the fraction

B of the absorption in the countinuum as cumpared to the total abscrption.
i ¥

T

! The contribution tc this integral from eny regicn, ireasured in units of

2

Eg, is identical to the corresponding cortribution fer the hydrogen atoenm.
However, (j“( l)) itself according to (2.5) and (2.10) is

proportional to (n/I()(t:fu'Eg)“1 or K.3/2/(m*)2

& P RS vy

For purposes of cumparison with experiment, we summarize the most

pertinent hydrcogen-like oscillator strengths from 1s to np and toc the

SO

L4

continuunm:

G

f2p,ls = .hlé, f3p,ls = .079, fhp,ls = .029, = .h3(’.) (2.11)

cont,ls

2
> H. Bethe, Handbuch der Phys. 24/1, Kap. 3, Ziff. 4i, Julius Springer,

S
o

Berlin 1933.

e e :
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and the integrated absorption cross-section:

= (2
{ ~(p) Alhp) = {g_‘%.)z Mmoo 21 he (2.12)
~) U (l), ) \~E; k( /YYK?: v C

2, 2
with ZM—G‘ A= 1.098 x 10710 ¢ v. (cm)a.
AN C

Tigure 1 and 2 show the optical absorption by Boron-doped silicon.
Three absorption peaks cen te cbserved corresponding to the 1s-2p, 1ls-3p
end ls-bp transiticns in addition to the continuum absorption above
about 0.046 e.v. The most striking discrepaicy beiveen theory and
experiment is that the discrete abtsorption peaks get about 10 per cent
of the total absorption rather than about the 50 per cent to be expected
from the hydrogen model. Secondly, the strongest discrete transition
is the ls-3p transition rather than the 1s-2p transition. These
discrepancies are related to the fact that the valence band of silicon
contains three degencrate bends (egix if spin is included), end spin-orbit
coupling only partially removes the degeneracy. Thus the wave functions
describing an impurity trapped hole involves a linear combination of
Wannier functions from several bands, and the elementary treatment given
above is not valid.

The integrated absorption should, however, be less sensitive to
detoils of the wave-functions and bettsr agreement should be obtained
with the theoretical expression (2.12). The experimental integreted
absorption coefficient d/;&;(\(l)) Ci (l\l)) is 0.90 (e.v.)cm'l.
This may be converted to an integrated cross-section by dividing by the

concentration of Boron centers. To estimate the latter, we note that

the specimen in question has a room temperature resistivity of 1 ohm-cm.

-10-
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Assuming a mobility of 350 cmz/volt-sec, this leads to & room

= holcs/cm3. Since all Boron

temperature hole concentration of 1.8 x 10
centers would be ionized at roocm temperature, we moy take 1.8 x 101°/cm3
for the concentration of Boron centers--assuming the concentration cof
other centers to be negligivle. Thus we can conclude that

j’O\‘(\)) c((‘\\)) "~ 0.5 x 10736 euvi(em)® (2.13)
with an accuraéy no better than 30 per cent.

The theoretical integrated absorption cross-section cen be estimated
from (2.12) assuming (1) the effective field correction QU/E)Q ig
negligible fur a center as large as the one in question (2) the
effective mass may be determined frum the ionization erergy Eg 7= 046 e.v,

/2

* ~1 -1/2
to be m == 0.45 m (3) n/k 2= (k) 2= (12) ° . The final resuit of

-16 2
0.7 x 10 ev. (cm) 1s in reasonable agrcement with experiment.

This mobility has been found reasonably representative at Bell
Laboratories for estimating carrier concentraticns in a group of

specinens from which the sarple in question was taken.

-11-
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3. Absorption by Trapped Electrons: Broadening

There are two distinct stages in the calculation of the shape of an
absorption curve broadened by lattice vibrations. Thke first is a
determination of the electrcnic energy as a function of the pertinent
nuclear coordinates using either one configurational coordinate or
many. The second is the calculation of the spectrum from the known
energy vs. configurational coordinate curves using classical, semi-
classical, or quautum mechanical methods.

Simple energy level diagrams against & single fictitious coordinate
have long been used to give a qualitative understanding of absorption,
luninescence, non-radiative transitions, etc.27 The first serious
atterpt to calculate accurately the energy against a (single) real
coordinate was made by William928 fcr thaellium activated KCl. Williaems
used as his coordinate the radial displacement of the six nearest
neighbors. His configurational dlagram is shown in Figure 3. The
remarkeble agreement between his calculated specirum and the observed
spectrum is shown in Figure 4. Williams results will be analyzed in

more detnil later.

27
See for example, H. W. leverenz, Luminescence of Solids, John Wiley

and Sons, New York 1950, p. 132, or Mott and Gurney, ref. L.
28 F. E. Williams, J. Phys. Chem. 57, T80 (1953). This paper contains
the most accurate celculation of the configurational diagram. More

detailed discussion is given in the earlier papers, refs. 13 - 15.

..‘,r’,' -
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Klick and Vlaml7 have escsentially reversed the Williams prccedure,
by deriving configuraticnal coordinate curves from the experimentel data.
They aassume that an adeguate descripticn can be given in terms cf one
coordinate, ard that the energies of the ground and excited states may
be approximated by quadratics in the ccordinate. No attewpt, however,
is nade tc assign a real significance to the "fictitious" ccordinate, or
tc coopare the configuration curves with calculations from fundamental
principles. Ncvertheless, a significant contributicn has been nade by
this reduction of the experimental data to a more tasic form. The
configuration curves permit the cbscerved abscorptivn {and emission) to be
qualitatively understood, and provide an intermediate link between experi-
ment and a fundameantal thecry. Fcr the moany cases in which the besic
mechanism fcr broadening is not vaderstocd, or too difficult to treat,
the Klick and Viam procedure is the best that can be doane.

Two courageous physiciats Huang and Rhy529 in treating the F center
problem, attempted the double feat of (1) cclculating the F center energy
as a function of all the normal cocrdinates in the lattice {2) making
an all quantum mechanical treatment of the many body prcolem. As we
shall see, they were mcre successful in the seccnd or methodologicol
aspect of their work.

Huang and Rhys pointed out that the energy change of thc F center
electron would be produced primarily by the long range electrostatic forces
present in a polar lattice. Furthermore they noted that large long-
range fields are produced primarily by the lcng-wave longitudinel

optical modes. They therefore neglected interactions with all other

€ K. Huang and A. Rhys, Proc. Roy. Sce. (Londen) A20h, 406-423 (1950).

~13-
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mcdes, and treated the long-wave longitudinal optical modes by a
dielectric continuum model earlier discussed by Huang.3o This continuum
nodel smooths the cell polarization into a coatinuous furction--just
as the defcrmaticn potential method smooths the displacements in a
long wave acoustic mode.

Huang and Rhys29 describe the electron-lattice interaction as the
interaction of the continuum polarization with the electric field producec
by the static charge distribution asscciated with the F ceuter electron.

Since the electric ficld decrecses very slowly with distance, Huarng and

fimdwcedin il
into normal -cordinates emphasizes the loung wave length medes.
Unfortunately, however, Huang ond Rhys neglected the fact that the F
center is neutral. Stated diffcrently, the cnly polarizaticn that we
need ccnsider is the change compared vc the perfect lattice case, and
therefore the charge distributicn to be used is that of the F center
electrun minue that of the negative icn it replaces. Such a neutral
distributicn, however, produces cnly short range effects and invelidates
the countinuum approximaticn nade by Huang and Rhys.

One might anticipate that the Huang Rhys procedufe of using the
static unneutralized charge cdistributicn of the electron would yield tco

high an answer for the broadening. Actually their parameter S which

measures the broedening is calculuted to be 3.6 whereas a ccmmarisen with

0
3 K. Huang, Report L/T 239 of British Electrical and Allied Industries

Research Asscciation. See also H. B. Callen, Phys. Rev. TG, 139h4
(1949) and M. Frohlich, Proc. Roy. Soc., London Al60, 230 (1937).

31 ;. Bardeen and W. Shockley, Phys. Rev. 80, 72 (1950).

-1ha
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experiment yields S ™ 22. Two points are involved in explaining
their small result. The first is that the error involved in using a
non-neutral charge distribution cancels out of their final calculations
since only the difference bvetween the electron-laettice interactions in
the ground and excited states is of importance. The second is that
their cuntinuum treatment grossly underestimates the contributions cf
short range interactions.

To explain the latter statement, we note that the clectron-lattice
interaction used by Huang end Rhys is linear in the normal coordinates
and its net effect is tc shift the equilibrium positions of all the ions.
However, the major shift will teke place feor the nearest neighbor ions.
and such a shift cannot be calculated from a cintinuum madel but must be
based on a detailed analysis of all the lucal forces similar tc the cne
carried out by Williams fur KC1l:Tl.

Burstein and Oberly'32 heve suggested a mudel for the F center
based on treating the trapped electron &s a particle in a bux. This

nodel correlates with the empirical rule suggested by Mollwo33

e -1 2
L) . 2= .9 sec cn (3.1)
NosX
relating the maximum absorption frequency l) +. the inter-ion
max
distance & for all the alkali halides. The particle in a box mcdel
emphasizes the incompressibility of the alkali ions that form the box
walls--1.n. it emphasizes short range forces of a sort omitted in the

Huang Rhys treatment. A closcly related melecular model has been prcposed

32 E. Burstein and J. J. Oberly, Optical Prcperties of F Centers at
Liquid Helium Temperatures. Proceedings of Conference on Low
Tempecrature Physics, 1951, Natiohal Bureau of Standards Circular 519.

33 E. Mollwo, Z. Phys. 85, 56 (1933).

-15-
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by T. Innui and Y. Vemura,3u and a detailed mclecular calculaticn was
started by Muto.35 Hcwever, an adequate calculation of the configuration
energy of tihe F center does not yet exist.

In the rewainder of this section, we shall assune that the energy
cf the trapped electron as e function of the various configurational
coordinates is known, and shall discuss the methods available for
computing the shape of the abscrpticn spectrum. The Franck-Condun
princirle states that we may regard the nuclei as standing still while
the electron clhmnges its stats duo %o ohenrbing the nhoton. Thus the

strength of absorpticn can be computed for a given configuration and the

result averaged over all pessible configurations. The shape factor

TEE;YKI_( l)) in (2.1) can then be written
(3.2)

T 5 {iMuabol Do Sab- k) dx

!

-~

AE (x)= Eb(-x.)_ EQ (X) (3.3)

The squared matrix element \ Y\/\t)ﬁv(jx)iz- represents the strength
of the absorpticn. Ph(x) dx is the normalized probability cf finding the
nuclei between x and x + dx (here x may represent a sct of nuclear
coordinates) and the presence ¢f the delta function factour insures that
only those configurations whose energy difference AB(x) = v\ YV owill
contribute to thle spectrum at L\ YV - A "derivation" and deteailed

18

analysis of the Franck-Concon principle has been given by the author.

3k

35

T. Innui ard Y. Uemura,; Prog. Thecr. Phys. 5, 395 (1950).

T. Muto, Prog. Thecr. Phys. L, 181 (1949).
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We shall refer to the Franck-Condcn principle as classical if

classical statistics are used in cbtaining the probability distribution:

Pa(X)classical = eXPE Eo.bd /‘&T]/jw[_géx)/g\ﬂc\x (3.4)

and as semi-classicel if the quentum mechanical distribution is used:

Zm ’Ux{{'(:_a,m /ﬂﬂ-]\ Xom{x)z 7
Z;Y‘M(F E' Ea/m / f«T_{

- ’ . 4-1.
wiuere Xgp (%) is the m** vibraticnal wave function when the electron is

P )=

in state a, and E , is the total electron-vibrationel energy in this
state. For sufficiently high temperatures, the gquantum mechanical
distributicn (3.5) can be shown to reduce to its classical value (3.4).
Such a classical approximation will be valid providing kT > > 1ch
where o is the freguency ¢f the normal mode or modes important in the
broadening. We shall sce, however, that the semi-classical method is
su easy to apply that little is galned by making the classicel
approximation.

We shell illustrate our remarks by considering the case where x is

a single variable. (For the appropriate genmeralization to the many tody
problem, the reader is referred to reference 18). Equation (3.2) can

then be recduced to

2 dx (3.6)
1, =M % po_(x‘) )
Do v ’ o } d otk \AE(X\;Z hy

o Ry




N

.

and if the states X .(x) can be approximated by states of a harmonic

cscillator cf frequency » and nass {d then
D= (2R Ll 0] o7
where <xz>: (R/Mw)(—!f ol /?—\) (3.8)
=1

and = E'Q/X/P('hw/%-r) --_’g (3.9)

The combinatiocn of (3.6) and (3.7) yields the ccuplete spectral distribu-
ticn. To be even more specific, I shall ass: ie excited as well

as ground stete conflguraticns can be approximated by parabclas:

Eo(x)= <74 (3.10)
AE(X):AX ""—‘7-_—% ')(L | l\ Ubo. (3.11)

where ’L| )')bO— is the energy difference when x = 0 i.e. from the
equilibrium point cf the lower state and K - B is the stiffness of the

excited state. (Usually B > 0).

y
The spectrum (3.6) aside from a factor l M (X) can now be

written

G(v) ‘[ZTr<’>Cl>:l (AHJ{%[‘%(\"r)zﬁ/(82<xl7)](3.12)
i - A2
+aylpla(i+ JA /57~<x_’->}}
vhere the two rcots for x are x = (A/B) (L +# [ ) and

M=[i — 2B(ho-hy,) /A2 61

-18-
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If the change in stiffness B is sufficiently small, or the temperature
sufficiently low that 132<>(7'> K 42, then it is permissible to drop
the secund cxponcntial and expand V7 with the result that the spectrum

becomes Gaussian:

)"“[ZXKX?] /3\ Q/;(f[,a. "‘”“I“ij/N(xlﬂ (3.14)
vith  (hy- ‘m,%j'} = A1<XI> (3.15)

and a mean energy independent of temperature.
P - e N “ - LY . . Nnooan Y 18 1 LY
A detailed guanium rmechanical analysis of the spectrum  showed

that the semi-classical spectrum (3.12) has the correct first and second

monent :

{wy=hs =<AED> = hvb-%_- B g

1: v 2
7\

———-
\

{hy- h\_;)l> = AL<X7‘> + %:

(3.17)

(Note the temperature dependence of the mean enercy (3.10)). However,
the shape of the spectrum (3.12) depends on the validity of the semi-
classical arpproximation, which we shall now examine, by ccnsidering the

extent to which the third moment is adequately given by the semli-ciassical

{hy ~LD)3ZC = <(AE(x) = H))?’> (3.18)

The difference between the quantum mechanical and semi-classical third

formula

moments is fcund18 from I(4.5) and (4.8) to be:

{{hv- ”)3> —{{hv- ku)) Av [24E (T, 26) (3.19)
+ (T/AE)AE]

]~
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where T = P2/2M is the kinetic energy, (T,AE) is a commutetor, and the
symbol A-y- mcans take an average of the enclosed operater iu the stete
X,n(x) and then take a Boltzmann average cver the states m. It is not
fair to cowpare the errcr (3.19) with (3.18) since (3.18) vanishes if

B = 0. An estimate of the accuracy 1n%§1ved can be ovbtained by coumparing
(3.19) with [<(AE(X)~ ”\-\3)2>] /2

This criterion was stated in I(4.9). Indeed, the ratio of the third mouent
t< the three halves power of the second nmoment is called the skewness and
denoted ZS . (c.f. Eq. I 8.18). Cur criterion for validity cf the
semi-clessical appreximation is 5@\ M. KS.C . << l

If this condition is otcyed then {3.12) will be valic. The spectrum

will huwever reduce to a Gaussian even in the semi-classical case only

if the skewness is then sufficiently small: 55.( <L l

Evaluating (3.19) and (3.18) and dividing by the thrce-halves power cf

(3.17) we obtain respectively:

zsQ.N. - ZSS'C, = N( *d‘)l//o@ (3.20)

Xs.c. = (324>(3290() (3.21)

= 2
where A = (16/17) (K/B)°/(1 + 2 M ) (3.22)
2 2
and o{ =4 A /(17 B2 ¢x°>) (3.23)
The semi-classical criterion XQM = X.S.C‘<< l can be simplified

by considering separately the cases in which A is greater or less than
unity. If A1, then o> Mor A2(2 m +1)/(2T’\ Mw3) > 1 (3.24)
In this case, it is clear that we must alsc have o >> 1, so that
using (3.21) the spectrum is also Gaussian. Comparing with (3.8) and

(3.17), the condition (3.24) can be written in the more perspicuoys’ form,

-20-
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(O(/7\) = A@XI;J /T\O‘) > A (3.25)
If A> 1, and K> 1 it follows, ccmparing (3.25) and (3.17) that the
observed broadening will be large comparec to the phonon energy of the
ground state. (In the absence of other information the Debye energy
%6 can be used as an estimate for i& ®). This latter concdition is
necessary but not sufficient for the velillity of the scmi-classical
methed., Even 1f A< 1, if oA > 1, the cundition (3.25) is sufficient
t¢ insure the semi-classical and gaussian nature of the spectrum.
However, if A< 1, the semi-classicel conditicn (3.20) merely requires

N !
A > 7 —/\ wnen A <1 (3.20)

a fa
2

i/3

o that if 1 > > > A a seni-clessical ncn-gaussien spectrum
cen be observed. Under these circumstances the condition (3.26) can be

rewritten in the fornm:

ALK 55 hw/o (3.27)
ESEN S (Rw/a )t + (zﬁ‘lo(i}—‘f

which is slightly rore stringent than (3.25) since C*k<i 1. Therefore

(3.28)

if (3.25) is discbeyed, a fully quantun mechanical treatuent is necessary.

We shall illustrate these criteria by epplying them to the problen
¢f KC1:T1 discussed by Williams. From his configuration dicgram
(Figure 2) wc moy deduce that A = 2.393 e.v./A, 4 = 8.016 e.v.fAz,

K = 15.85 e.v./Aa, 1& w
[Mcl + (L4264)% oy |
-

<x‘§f= (t\w/QK;if: 2.22x16" A
A = 1L KATR) =416
C><<C» = ALL//\//fT;7rE§F<L><1;é) e LL.Z_.éj

2]~

.0166 e.v. usinz his mass of M = 6

=22
4.239 x 10 gramns. At avsolute zerc, ve

have

(3.29)

Lo, .




Rgp AT

I

Thus we have A > 1 and O( >> A 7 1 s0 that the spectrum will be

N
both semi-classical and Gaussian. In fact Ql"\- 55( ( /o(\f‘— \.

and Bs ( \/d) ] .02 s0 that the skewness would be
quite small. These results could have been deduced directly from the
experimental data (assuming A > 1) by ioting that the r.m.s. width
<0\v = kig‘}’l: 125 e.v./(2.346) o= .0533
(where .125 e.v. is the full width at half-power). This width is
larger than the Debye energy, and certainly larger than t\ w > .0166 e.v,
In fact x.l\o\,/&(s‘ ~ (.0106/.0533)° 2= .1 in egreement
with the previously calculated value.
At higher temperatures A(T) = A( O )/{(L +2 m )2,

o(('l‘) = O(( O)/(1L+2 /—‘7\) so that A(T)/ O((T) decreases
with increasing temperature, and the semi-classical criterion remains
valid in William's case. The apectrum will remain Gaussian as long as

dq('l‘) = (b2.6)/(1 + 2 m ) > 1, i.e. for all measurable temperatures,

As a contrast to the William®s case;, we shall cunaider the configura-

ticnal diagram deduced by C. C. Kiick and J. A. Schulman for Zn,SiO :Mn.
They find A 2= -.9 x 10.h ergs/cm, B = 31 x 10h ergs/cme,

= b6 x 101‘ ergs/cmg, = kM, 2= 1.057 x 1072 , Rw>6.952 x
10-114 ergs A= 0434 e.v. The observed brcadening at low temperatures
is of the order of .l e.v. so that one might hope for the validity of
a semi-classical treatment. However, the zerc pt displacement
( t\w/2k)1/2"._: 2.67 x 10'10 and A( R w/2k)1/2"—-= 2.4 x 10-115 ergs
which is only .35 ( 13 ®) so that condition (3.25) is violated. One
£inds furtuer that A( O ) = 2, and O{( O ) 2= .27. With these
parameters, the semiclassical requirement cannot be satisfied at any

temperature! The basic reason, of course, is that the two parabolas

=22~
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of the configuration diagram have appreciably different stiffnesses,

yet their minima are quite close together sc¢ that (a) the broadening

is produced primeriiy from the difference in curvature (b) matrix elements
are only apprecicbly to low-lying vibrational stetes and for these

quantum effects are apprecieble.

A comment may be added here about the F center. The Huang-~Rhys
parameter S is simply A2<x2>° /( 'F\ (.o)2 and since S is given the
empirical value of 22, condition (3.25) is easily satisfied. Since we
may anticipate that K/B and hence A{c) will be of the order upity,
(3.25) is a sufficient condition for the validity of the semi-classical
method. We therefore expect that Lhe F center absorption can be
adequately represented by a Geussian st low temperatures, and by (3.12)
at high temperatures, except for the influence of cubic terms in the
latter case.

Early measurements of F center absorption due to Mollwo33 are shown
in Figure 5. More careful measurements have been made recently by
Hesketh and Schneider36 in an attempt to enalyze the shape of the F band.
Figure ¢ shows a comparison of their experimental results with a
Lorentzian shape--such as had previcusly been assumed by Smaku1a3? and
others to be valid on the basis of dispersion theory. The agreement is
peor--since the fundamental mechanism for broadening is not the usual
one of dispersion theory. Figure T shows a Gaussian plot by Hesketh

and Schneider ..f their data. A straight line of slope /. indicates

6
i R. V. Hesketh and E. E. Schneider, Phys. Rev. 95, 8372 (195k4).

37 A. Smakula, Z. Physik 59, 603 (1930).
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& curve shape uf the form exp [:-( V - )M max)m:] . Hesketh
and Schneider find fy\. = 2 on the high frequency side, but A\ = 2.5
on the low frequency side. The latter may be partly a result of
anharmonic forces.

It has been pointed out to the author bty D. L. Dexter that the
customary use of Smakula's formuln to determine the number of F centers
in a crystal, or their oscillotor strength ies incorrect because cof
Smakula's assumption of a Lorentzian shape, so that a considerable
amount of experimental data must be reevaluated. If we note that the
abscrption constant o(( 1) ) equals /‘\/‘C O\—( ))} where

/\VQ_ is the number of centers, the intesrated abscrption for a lizoe

of oscillatcr strength £ can frem (2. S 2. 7) be written:

S\d(u)d(hv) (N.S) K( ) % (3.30)

. z
vhere k: ~ /N = sguare of index of refraction. Unfourtunately

the usual evaluation of experimental data estimates the integrated
absorption, rot by integration, but merely by taking a suitable
produced <f maximum abscrption ()(,n\and the full width at half

power \Aj . For a Lorentzian shape
Sd(UYA(Kv)=(“/z) A e W= .57 W (3:31)

whereas for a Gaussian shape

L

jol(v)d(‘\v)’ T‘ZQM 1)2'0( \}J": \.oT W (3:32)

2=

o~
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Smakuia's formula is equivalent to the use of (3.30) and (3.31) combined
with the assumption (Ee/E)a’.:..."'( /Y\I: + 2)2/9, i.e. the assumption that
the effective field E_ is equal to the Lorentz field E + (4x/3) P.

On the basis of the experimental shape, (3.30) should be more nearly
combined with (3.32). Furthermore, the F center electron is sufficiently
diffuse that the effective fleld is considerably less than the Lorentzian

field. A more detailed discussion of these points will be given in the

Physical Review by D. L. Dexter.
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k. Broadening: Relation of Many Body and One Body Viewpoints
Although the one parameter treatment discussed above is an over-
simplification of the situation for a real impurity center, it is
nevertheless quite feasible to use & simple configuration dlagram,
for the purpose of deciding whether a semi-classical treatment is
permissible and to understand the observed spectrum. We shall try to
explain in terms of a many body viewpoint why for most problems & one-
parameter analysis is likely to yleld qualitatively correct results.
Our essential conclusion will be that if the modes which participate in

the broadening do not have tc$ grieal a frequency spread, a one-parameter

viewpoint using & suitable mean frequency will yield fairly accurate

results.

We shall start by assuming that the configurational energy
difference AE is a function, possibly non-linear, of a single parameter

x where the latter is 2 linear combination of the displacements or the

normal coordinates ng. of the initial state:
N
]

=S £}

2 0 Uy ()

where/\/ is the total number of normal coordinates.

If the secmi-classical approximation is valid, we proved in I
that the one-parameter spectrum (3.6) and (3.7) is valid (c.f. I(5.7)
and 1(5.19)) providing merely that<<’x2;> is given its correct rather

than its cne parameter value. This value from (4.1) is

L x> = N —>~1 az <‘Z;> o
L xt> = /\/ S a; (/,A)J)En{u) ?

=26~
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The question e may ask is this: is there a harmcnic oscillator with

effective mass M and freguency w, such that its mecn cscillation

o = (Mho) M- 5] oo

is a good approximation to (4.2) at all temperaturss? Both formulas are
linear with temperature at high temperatures and have a zero-point value
at low temperatures. The best that we can dv is to choose Mé and @

sc¢ that there is agreenent with the high temperature slope and the

zero point value. This leads to the cholce

m - A’xr((;\ )/‘/'\‘lr /l. '2"

A (&4
, NA/ u)l o)
M= ( /R) A W)/ L.C" ] (k.5)
: I,
>/ 0.6
The averaging operation /A«u- used in (4.4) and (4.5) is a weighted

1
average over the modes using (1 ¢+ as weight:

Av [ fyl= > 0;3 Slwp /= aly S

It is clear that if the cuefficients Clg that measure the extent to

where R

L}

which mcdes Czi participate in the broadening emphasize a small range
of frequencies, then o, will be somewhere within the range, and M, will
be essentially M/R. There is & certain amount of genuine arbitrariness
in Me through the choice of the ncrmelization constant R. For exemple
if x represents the sum of six radial displacements, then the kinetic
energy would by 6 M(x/ 6)% = M/6 and R = 6. 1f x represents the

average of the six radial displacencnts, then the kinetlc eunergy is

6 M 5c2 and R = 1/6. 1In any case, M/R is equivalent to the intuitive
choice for the effective mass. The presence of dispersicn among the

important frequencies can only increase the effective mass since

Ar (0 >  [Awlwi]

2=

14
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To illustrate the above remarks, we shall consider two cases. In
the first, we shall let x = x, , the displacement of one atom. 1In
this case all the Qa_ are equal. Fur the acoustic modes, with a
Debye spectrum this ydelds

o = (®/2) (4.8)

(Me/M) = 4/(3R) (4.9)
where @ is the highest acoustic frequency. If, however, we were to
consider a coordinate x = X3 - Xx_;, say the difference between the
displacement of & K atom on each side of the Tl center in Williams case,
the weighting factor associated with a phonon of propagation constant T
would be {:1 - cos 7T '(xl - x_l):l which takes account of correlations
in the motions of the two particles. The contributions then come
largely from short wave-length acoustical and optical modes. (For long
wave lezngth modes of either type, the two K ctoms move iu uuisom). If
only acoustical modes were considered; we would find a)ef}: .66 W, and
Me<}= 1.1 (M/R). This estimate assumes a Debye spectrum unperturbed by
the center. A stiffness increase near the center, and the inclusion of
optical modes will both tend to raise w,. Note that the modes Cﬁj
which are used in (3.29) should be the perturbed modes of the lattice
in the presence of the center! If the stiffness change near the
center is sufficiently large, a trapped molecular type mode will occur,
and this one mode will make a predominant contribution to the parameter
x, thus insuring the validity of the one-parameter viewpoint.

When a fully quantum mechanical calculation is necessary, it is
more difficult to assess the valldity of a one-parameter viewpoint,
since the guantum-mechanical many-body problem has not been completely

golved. Three cases have been solved however:

-28-
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(1)

(2)

(3)

(a)

(v)

(c)

The energy difference AE is linear in the normal coordinates,
and the latter all have the same frequency (Huang and Rhysgg).
The energy difference AE is linear in the .ormal coordinates, and
the latter have a spread in frequencies (Lax18).

The energy difference contains a diagonal quadratic form

NZ By gy

(O'Rourke38).

in addition to linear terms

The pertinent results may be summarized as follows:

The Huang Rhys spectrum for many modes cf the same frequency is
identical to that which wculd have been ovvialned £rom 2 single
paraneter with the same frequency and a suitably chosen linear
energy difference.

The Lax spectrum I(3.12) reduces to the Huang and Rhys spectrum
1/9.1) if there is only a small dispersion of frequencies--so that
a one-parameter description is possible.

The O'Rourke spectrum is icdentical in shape to the Lax spectrum
but has a shift of mean energy of an amount </\/ ‘Iz 8 3‘ ?}>
This shift is exactly what one would expect from the moment
formula I(4.3). The same frequency shift can be obtained, to a
good approximation in a one-parameter problem by having a suitable
stiffness change. In & one parameter prcblem however, this
frequency shift will. alwpys be accompanied by a change of shape.
In this case, it is not the one-parameter result which 1s wrong,
but rather that a quadratic change in potential energy near a
center ;!{ B XL becomes a quadratic form N'Z 81}'6&‘ %}
containing important off-diagonal terms when expressed in terms

of the normal coordinates.

38 R. c. O'Rourke, Phys. Rev. 91, 265 (1953).
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Pending the results of a more detailed analysis involving off-
diagonal quadratic terms, it is probably safe to say that the criteria
for the validity ¢f a one parameter viewpoint will remsin valid:

The important modes that contribute must heve a small dispersion of
frequencies. If this is the case, it will be possible to choose an
effective frequency and mass to fit the breadth of the spectrum over
the entire temperature range. If appreciable skewness is present,

however, it may be difficult to fit over an entire temperature range

the second order energy change pd" :ZJ E}ij cg;cgj

As an interesting example of the rclationship between the cne
parameter and the many bcdy viewpoint we shall discuss the case of
impurity 1evels.in semi-conductors.eo We note that for Boreon duped
Silicon there are about 500 atoms within a spherc whose radius QU
is the first Bchr radius of the trapped electron in its 1s state.
The brecadealng is produced by the vibration of these atoms through
the electron lattice interaction. We may describe the latter by the

deformation potential.

V(i =E, divdR~1 E, N ZZ Tttt Q(T) w10

80 that the energy shift associated with an electron in state ‘4)(1\)

is given approximately by

(‘P(ﬂ) V(n)‘P(n)) 1E N 2 N (T ()

~

mere N@)=(H00, ogotctn Yay) = [+ (302317 (s
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and the explicit form for /\/(I‘)is based on a hydrogenic wave function
of Bohr radius (X. . The normal coordinate %(’C‘) is associated with
phonons of propagation constant T° .

To connect with a one parameter viewpoint, we simply introduce

for our parameter x, the energy shift AE itself. The constant Ova 5

now written (Lo cbey

|0 iF= Er ) N(o\T (4.13)

€Ctive [requency assuming a Debye spectrum can now be obtained

from (k.4) and (4.11):

_ )r\N("c\f’c“w“dt L St

v
o.

Jﬁ Nt wrde 3

We

where Lf'=<bﬁc' is the velocity of sound. The integrals in (L4.14)
vere evaluated by extending the limits to infinity since L ot ~
2% “max
T.7.
The (squared) broadening at absclute zerc mey be obtained by
setting pn, = (O 1in (4.2):

Laeyy = b 2 gl (-1

My o (Q’C‘M%F

The ratio of the squared brcadening <:ﬂ£>E)l:> to its abeolute zerc

value can from {(L.2) be written:

R)=1+ 24—5%3(1 +X_1)—4‘{:_Q/}£P(AX/T‘} o s:\" dx  (4.16)
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where x = 3 OT endaa=2 R U /.&\o O. - An approximate

formula for R{T) using the single effective “requency w, is simply

RM= 1+2m(wd= coth(bhwe o) @7

We note that'fia%/k = (8/3n)A. A comparison of the "exact" and

approximate R(T) from (4.16) and (4.17) is shown in Figure 8. They

both have the same zero point value and high temperature slope. Near
T\\

e R = L +2 aup (44 /)

The exponential decrease in R , (T) is characteristic of the Einstein

o~ [ e e e ! A
T=0 RiTi~= 1 + ol z2Tm 7/a)"

approximation we have made, whereas the power law decrease in R(T) is
characteristic of the contributions of the low frequency phonons--as
in the Debye theory of specific heats.

To compare these resulits with experiment, we note that the zero
point line width obtained from (4.15) is of the order of 0.004k e.v.
whereas the experimental width at liquid helium temperatures is about
0.001 e.v. (see figure 1). The theuretical line width may be an
overestimate because of the use of the Born-Oppenheimer approximation.
It may also be an overestimate because the deformation constant E1 has
been overestimated. The reason for the latter possibility is that E1
is determined by ccmparing an experimental mobility with a theoretical
mobility based on ﬁhermal scatiering--neglecting interband transitions
which are undoubtedly significant in p type siliccn.

To see whethner we have assumed the correct basic mechanism for

broadening, namely interaction of the electron with acoustic modes,

we can examine the way in which broadening changes with temperature.
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An examination cf (4.16) indicates that the modes of impcrtance have
an cnergy 4j%°£swhere A is about 90°K in silicon. These are modes of
quite low energy--they have wave-lengths whose size is of the order of
the Bohr radius of the trapped hole. Does experiment bear this out?
Figure 8 shows that R(T) i3 of the order of 2 at T = A, i.e. an
appreciable broadening should occur theoretically for temperatures as
low as 90°K. An examination of Figure 1 shows that a broadening of
just the right order of magnitudeﬁra-occurs between nitrogen and
helium temperatures. This substantiates the importance of low energy
modes in the broadening. Since our calculated absolute broodening is
of the right order of megnitude, our basic picture of the phenomenon

must be correct.
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5. Thermal Ionization 2nd Capture

As is undoubtedly discussed in other papers of this conference, the
sensitivity of a photoconductor increases with the lifetime of the
electrons in the conduction band, but its rapidity of response decreases.
(Corresponding remarks can be made about holes in the valence band but

will henceforth be omitted). The photoconductive lifetime is cetermined

" by a competiticn between the rate of thermal ionizetion and the rete of

recombination. For exzmple, if we are dealing with a crystal conteining
3
two types of impurity centerxrs: PA o donors/cm3 an I\JCL‘acceptors/cm b
N ) 1 ae ey s i
with f\}D > )"\jA , Then we will have n type photocenductivity with

a lifetime

-"_(‘,'— = B KK *"NA\)_L +- K (ND‘— ‘\lA\l -‘i (5.1)

where B is the recombination rate and K = A/B is the ratio uof icnization

to recombination rates, or the equilibrium constant:

K = (2 mi R TR 2agp (- E /&T) 6

vhere Eg is the (ground state) ionization energy of the center, assumed

39

* .
to have only one state,”” and m is the effective mass. If the electrecn

energy has several minima within the Brillouin zone, &nd an ellipsoidal

3% Tme k of (5.2) must be divided by the ractor
'{1--* :E:: e}ﬂ‘ 9 Jyxfj[:(égj-' E)JA/fE’f] i}
where the states Ei’r\ are the excited states and 63,4 is the
corresponding Cegeneracy fector. See Burstein, Bell, Davisson
and Lax, J. Phys. Chem. 57, 849 (1953) and K. S. Shifrin,

Teknicheskoi Zhurniel Fiski 1k, 43 (194k4j.
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energy surface with masses my, o, and m3, then we must make the

replacement
t #* 1
- (m )3/%———€> (No. of valleys) (m1m2m3) /2 (5.3)
'{ since the latter expression takes proper account of the density of

¥ states near the minimr band energy.

At high temperatures, we will have K > NA and

£=8K=A , (7T QM%L) (5.4)

the ionization rate, whereas at low temperatures we will have

o P

K << N, and

/—\'" ~ a0\ ’ :
N\ V RYMOXX) (5.5)

g ié? o~ B NAa >

the recombinstion rate-=since the number of ionized donors at low

temperatures will be approximately equal to NA the number of acceptors

available to remove electrons from the donor levels. In germanium with

[rrv .

Na = 101}0 acceptors/cms, the temperature dividing the regions of
validity between (5.4) and (5.5) is about 25°K.

As we shall see in the subsequent discussion, cne of the difficultiee
that faces a basic calculation of ionization rates is that fairly large

values must be obtained in order to agree with experiment. For example,

~ 14
1 germanium with about 10 acceptors/cm3 has a photoconductive lifetime

. - 40
| . T of less than 10 ? seconds even at liquid helium temperatures.
] - - -1
This {mplies that B > 10 9 cm3/sec, or since K 2= 10 1, A>10 °/sec.

Perhaps a more understandable way tc put this statement is to note that

1 at 4°K,thcrmal velocities are of the order 3 x 106 cm/sec 8o that the
. -16 2
center has an effective cross-section of the order of 3 x 10 cm or

larger for thermal capture.

Burstein, Davieson, Bell, Turner and Lipson, Phys. Rev. 93, 65 (1954).
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As a general experimental argument for high radiationless
transition probabilities, we note that moust electron traps do not
luninesce. In particular, a careful search fcr F center luminescence
has been made by Klickhl whose essential conclusion is that radiative
transitions are never more than 3 per cent of the non-radiative
tronsitions.

One of the first attempts to tresat thermal ionization from
electrcens trapped in semi-conductors was made by Goodman, Lawson and

L2

Scniif. They acsumed that the essential interaction as far as ioniza-

1

tion is concerned is the interaction betwecen the trapped electron and the

vibrating core aton:
25

= T
\/ e ""__._..e—--———-— + ? ,: :e—_ F\. .R (5-6)
cls. T KRl KA TR

where R is the nuclear displacement. Their unperturbed wave-functions

were simple ("Hartree'") products ¢f an electronic-wave function times

a vibrational wave functicn, and the transition is caused by \JC.I_.S.

as a perturbation. We shall refer to this as the Hartree approximation.
Using only terms linear in R, only one-phonon processes are

allowed in the Hartree approximation. Since the ionization energies of

hydrogen-like traps in Ge or Si are less than the corresponding Debye

enérgies, acoustic phonons are available to make a one~phonon trans£tion

pcssible. The Goodman-Lawson-Schiff answer, for the ionization

probability turns out too small by abcut two orders of magnitude.

L1
42

C. C. Kiick, Phys. Rev. Qk, 1541 (1954).

Gocdmen, Lawscn and Schiff, Phys. Rev. 71, 191 (1947).
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Furthe» “iscussiocn of the G.L.S. interaction will be given later.

Gocdman, Lawson, and Schiff aslsc mede an estimnte of the
probability for multi-phounon processes using terms of order R™ in the
potential and tfcund their contrivution to be small.h3 Seitzh2 in
unpublished work treated the seme interaction \/G,.L.-S. in 2 Born-
Oppenheinmer approximation, arriving at results, according to Goodman,
Lawscn and Schiff of the same order as their own. An explanation for
this agreemert will be given later.

Durioyg the summer Of 1551, in treating
levels in silicon with the deformation potential interaction, I also
ectimated the thermal iorizetion probability with the same interacticn
using the Hartree approximation. Although the broadening came out one
order of megnitude too high, with the cxperimental ccnstants then
r of magnitude low.

the thermal) icnization was an ord

vailabhle,

D

Becouse of this puzzling discrepancy, publication of this work was
postponed, and both probleus were reexamined. The thermal ionizetion

problem was treated in the Born-Oppenheimer approximation and the wany

43 The problem of non-radiative transitions between bands had been

discussed zorlier by F. Moglich and R. Rcmpe, Physikelische Zeitschrif

41, 236 (i94%0); Zeits. fur Phys. 115, 707 (1940). They used a
Hartree viewpoint and suggested that the meny-phonon prccesses
required here by energy ccnservation wecre obtained frem terms in

the electron lattice interaction of high order in the nuclear

displacements. Only qualitative estimates were made for transition

rates.
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body suns were performed following methcds used in the broadening
analysis,18 But the answer did rct change appreciably. The disagreement
for the broadening celculation was reduced in the meantime partly by
taking intc account "motional narrowinz" and partly by changed .
experimental constants cdue to improved mcbLility measurements.hh
Leurgans,hs in his thesis, also considered the thermal ionization
problem with the deformaticn potential and the Hartree approximation.
His results confiimed the discrepancy we found. Yafet  reconsidered
Tthe priblem in the Born-Oppenheimer approximaetior end found thet multi-
phonon contributicns were negligible sc¢ that the answer Leurgans and
I had obtained using the Hartree approximaticn wculd not be appreciably
increased by rnulti-phonoun contributicns. An apprecieble increase was
found, however, when Coulcmb wave-functions rather than plane waves were

the final state. A more detailed discussicn will be given

later in this section.

Kuboh7 sugzested that perhaps quadratic terms in the interaction
energy are important--so that the vibration frequencies in the excited
and ground electronic states were different. He used the Goodman,
lawson and Schiff interaction, the Born-Oppenheimer approximation and

treated the central atom as a simple harmonic oscillator. He more or

less arbitrarily chose the change in frequency of the harmonic oscillator

L
M. B. Prince, Phys. Rev. 93, 1204 (1954).
L5 P. J. Leurgans, Thesis 1952 University of 1llinois.
46 Y. Yafet, Private communicaticn.
47

R. Kutu, Phys. Rev. 8b, 929 (1952).
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because of a change in electronic state to be 10 per cent. Because of
the arbitrariness of Kubo's model, it is difficult to essess the
applicability ¢f his reeults, hovever, there is no question but that
any significant change in vibrational frequencies will appreciably
increase the rate of thermal icnization.

In eddition to the case cf electrcns trepped at impurity levels
in semi-conductors, considerable effort has been spent on radiationless
transitions in F centers. From the fcrmal peoint of view, the first
major contribution was made by Huang and Rhys who made & many body
calculation in the Born-Oppenheimer appreoximation essuming an interaction
energy linear in the normal coordinates. The major limitation of their
calculational technique--as in their treatment of broadening--is that
all the modes must have cue frequency. (This limitation can easily be
by-passed by using techniques developed in the author's analysis of
the Franck-Condon principle).

The rate for radiationless transitions from “he 2p to the ls state
calculated by Huaag and Rhys29 was s0 low in comperiscn to radiative
transitions, (10'19 in KBr at 30°K) that luminesceace should bLe easily
observed at mcat temperatures for all the alkali halides. This is
definitely not the case, however.

Meyerhs suggested that a possible e¢xplenation for the low
radiationless transition rate was the neglect of quadratic terms in the
energy difference between the two states. He intrcduced therefore, a

diagonal quadratic form in addition to the Hueng-Rhys interaction energy

8
b H. J. G. Meyer, Physica 20, 181 L {1954).
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and recalculated the transition rate. The diagonal coefficients are

somewhat arbitrary, however, and he chosc them so as tc agree with the

observed temperature shift in the optical absorption peak. He then
found o sufficiently high radiationless rate tu explain why luminescence
has been difficult to cbserve. (Radiaticn less/radiative 7= 30 in KBr
at 20°K).

Ir a subsequent unpublished menuscript, however, Meyer counes to
entirely different conclusions:

(1) He finds it permissible to neglect quadratic terms in the energy
difference-~having first estimated their size by comparison with
experiment.

(2) He finds that the ratio of radiatisnless tc radiative transition
prebebilities from the excited Lo the ground cinte of the F center
is now 106 in ¥Br at 0°K.--so that luminescence should be observable.

The difference btetween this result and his previous one is
apparently due to different ways of determining empirically the Huang-

Rhys parameter S which measures the strength of the linear terms in the

interaction energy. If H is the full width at half-power, his new

method of determining S is tc¢ use the relationship:
L = ~\ (5.7
=8 U2 (hed [S coth (rhew/an) -C| &7

which is found to hold empirically. The formula previcusly used, which
had a thecretical justification was identicel to (5.7) with C = O.

It was not clear to me why a mcderate change in S would change his
answer for radiationless transitions by a factor 108. However, a
detailed examiration of his formula in the limit T = O°K revealed a

Tactor S%' where 7? is the number of phonors involved in the

=40
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transition--which is of the order T0 in KBr--s¢ that a 20 per cernt

error in S can yield a factor 108 in the transiticon probebilityi! In

view of the sensitivity of Meyer's result, conclusions about the

feasibility of observing luminescence must bhe regarded as provisional.

An attempt to generalize the Huang-Rhys method to the case when a

L
distribution of frequencies are present has bzen made by Tewordt 9 for

applicaticn to semi-conductors.

Tewordt's approach, however, parallels

Huang and Rhys closely, and he is consequently unable to carry out

explicitly the sums over the vibrational states.

He was apparently

-~
unavare that this porticn of the protlenm had already been solved.*®

0
Pekar5 has written an interesting paper on the diffusicn of

electrons toward a trap and their eventual capture. His analysis uses

classical statistics and the diffusion equation outside .a. somewhat

arbigrary radius J{,

€5 (VL(RQ) where /YL(A;B is the density at U, . ‘His

a rate

gt which capture is supposed to take place at

final result is an effective capture rate B, op cm3/sec given by:

B aip[-eVin)/aT)

——

(5.8)

—

L9

L. Tewordt, Zeits fur Physik 137, 604 (1954).

= Tho
1 + 2 (47T D) 9419 E—e \/(fl.)/ﬁ\T] er[e\/(u)]&jﬂd(—k)

50 5. I. Pekar, Abh. Scw. Phys. 1, 47 (1951) trenslated from

Z. £. exp. u. theor. Phys. 20, 267 (1950).

41




If the second term in the denominator is large comparecd to the first

(capture rate large compared to diffusion rate), the process will be

diffusion limited with =z rate given by:

g - ‘ -1
BL{S{&Bd =41 DDO gjpf)[_e Vi) fet] d (T{):\ (5.9)

3 . The diffusion constant D can be calculated from the mobility:}; using

s the Einstein relationsl

2
i The potential can be taken tc be eV( /. ) = -(e/ K n, ) where K is

]

7o
N

N the dielectric constent. At sufficiently low temperatures that

i ,{QT << ez/( K Lo ) the integral in (5.9) teccmes

! insensitive to its upper limit which may be set equal to infinity. Thus
. ir 4%5? <L Eg = the icnization energy of the center, we find that

RBa= 4Tme/x (5.12)

The diffusion rates thus cobtained are quite high. At liguid helium
t! [

temperatures, using an experimental mobility of the order of 5 x 10),

WO PRI W

-2
ve find R4 2~ 6 x 10 cm3/secj whercas the calculated quantum
-9
. cepture rate is or the order cf FS = 10 cm3/sec in germanium at the
same temperature. Thus the diffusicn is very rapiéd, and the limiting

f-ctor is the capture process itself.

c
o1 For experimental verification see Transistor Teachers Sutmer School,

i o ik st M gt =t o

Phys. Rev. 88, 1368 (1952).

52 E. conwell, Proc. I. R. E. 40, 1327 (1952).
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It is of some interest to note that if we define
B = ﬁ.&%‘o[‘ e \Vino) {le (5.12)
to be the capture rate adjusted for the increase in density near the

origin, Pekars equation can be rewritten in the form

\ . \ (5.13)

oL
By B B
0
indicating that the total time for trapping is the sum of the éiffusion
time and the adjusted capture time. Since the diffusion time is, by
our esvimates, suslly negligible, we shall be concerned primarily with
the adjusted capture.time.

The adjustment (5.12) is scmewhat sensitive to the choice of rlo B
but the latter can be taken to bte cf the crder of a Bohr radius sc that
Es o é& exp(Eg/kT). 5ince we have assumed kT is swall comparcd

to the ionization energy Eg, an enormous increase in capture wculd
occur, if this result were taken literally. However, the electron
density cannct suffer such a marked increase near the center because of
the uncertalnty principle.

It is therefore necessary to take account, quantum mechanically,
cf the increese in density near the center. Cuwumel and I have done this
by using Coulomb continuum wave functions instead of plane waves to
describe the incoming electrons.53 Roughly speaking the increcase in
density near the center is the Sommerfeld factor. A detailed
evaluation of the matrix element for the transiticn yields an additional
factor 2, so that the appropriate correction in the squared matrix

element for the use of coulomb rather than plane wavas is

53
H. Gummel and M. Lax, Phys. Rev., to be submitted.
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(8n/ \_3, ) El - exp(-2n/vé, )-] = where \9,: ka, k is the propagation
constant of the incident electron, and a is the Bohr radius of the trapped
Af state,

A rcugh tudication of the Coulomb correction at low temperatures
£ can be cbtained by noting that the important k's in the equilibrium
dietribution are of the order ( t{' k2/2mt ) = Kk Tor

1/2 1/2
ka. r\J(koT/Eg) / . Thus the correction factor is rcughly Sx(Eg/koT) /

PR

which can be of the order of 200 st liquid helium temperaturcs (fecr

3 Eg 7= .0125 e.v. in germanium). At high temperatures, the Boltzmanu

factor puts only & wcak limit ¢n k, tut the wmatrix element fcr the
deformaticn potential interaction contains a factor [:} - (ka)2_] 2
which means the important values of ke are sualler than sey 1/2. Even
at high temperatures, then, the cerrection factor can be as large as 50.
E To illustrate these results in more detail, we note that the total
i capture rate EB is o Bclbtzmann cverage over the cepture rates \h/a&z

from o given state k:

B = \/fdf%j TR Wor C’"‘j/pac (5.1%)

For simplicity, we assume spherical energy surfaces, so that the

normelized distribuition functicn is given ty:

I
'l - 'P( &) = (ZT{'/YY\* J.’AQT/R’-YBA JJ}C&O E—’F} & /(7_ mf&o‘lﬁ (5.15)
|
!

- The transition protabilities \ﬁlolk can be written in the form:

: Tt iy (5.16)
Wok = 27T M Rwy

k-




where_yl- is the volume of a unit cell, PV\ is the mass of one atom,
Qt' is the propagaticn constant of a phcnon, 1:<u = 7k of T ) is
its energy, and \J = dm/d?t}s the corresponding velocity of sound. We
must insert for ﬂt’ and w a value ccnsistent with conservation of encrgy:
. + p.
t\u) — t% + 2 '2“/(2 /m*) (5.17)
If we let '1;:»( Ts )= 1; w, = Eg, then for a hydrogenic impurity
(5.17) is equivalent to the conditions
T-= To(lf‘;ﬁ Y wE w1 +?_:) (5.18)
For the case in which the perturbing potential is the defcrmation
T TN S, ~
potenticl we .Cc,: 0 E)— /C} \ ( eL/C ‘IL) \._ (
X P\ ok ! 5.19)
The matrix element cf exp( L’t ~IL) between the free state k and the
bound state a has been calculated exactly. Because T is large corpared
1

to a~*, the reciprocal Bohr radius, however, the resulting expression can

be greatly simplified. If the free state is described by a plane wave

_z VAYZ RS
0. =EE (AN m

we get

If the free state is described by a Coulomb wave we get

DCOULQ: DPwi(gTy\j)[l - 2p(~ ;_—Tr/%'ﬁ (5.21)

Thus Jjustifying the previcus remarks about the importance of the
Coulombd correction.
The corresponding formulas for D using the Goodman, lLawson, Schiff

interaction are:

=45.
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(5.22)

.....

The four values «f D can be inserted into (5.16) and (5.14%) to obtain

cxpressions for the total capture rate. For simplicity, we list the

results for the temperature range kT L£<L Eg--the range of greatest

interest. -
%Wm ~ B 0N |
T MEga @

AL%NM/\_Zb‘o,\r-‘EQ E, \45:
Bw MEy v o (’tcx\"L (@?“'/

66: ~ 2RO (T 2)

3 Myuo

~46-

(5.24)

(5.25)

(5.26)

(5.27)




g At 1iquid helium temperatures in germanium, the capture rate using
the deformation potentiel and Coulcwmb waves is about 10"9 cm3/sec.
The use of plane waves yields a result smaller by a factor of about 175.

The Goodman-Lawson-Schiff interaction with plane waves gives & result

—g b
> G

emaller by a factor SCCC; with Coulondb waves the result is smaller by

a factor 23. Thus the primary mechanisis at low temperatures seems tc

e

be the usual electrcn lattice interaction--and Cculomb corrections are

important.

AB of 1077 cm> [sec with S0l eomsensating inputteies would Teed

e to a photoconductive life-time 77 of

L
] -~ L S S- s
" — 2= jo *|0 C-IO/&Q (54289

b
On the other hand, Burstein et al,'o find that for Zn doped germanium

10 © sec 1s an upper limit for the life-time--so that the theoretical

N PN L

capture rate may ke all right, but is possitly too small.
! For silicon, the theoretica’. capture rate is 10°7 cm3/sec. The

large increase compared to germaonium is produced by & smaller velue of

’CL(J. beceuse of the higher velocity of sound in silicon. Assuming

the number of compensating impurities in fairly pure silicon to be of

IR P A g T

the order of lolsfcm3, the photoconductive life-time is given by

-7 _ 15 -1
T~ (10 10 5) A— 10  sec which is well within the experimental

linit T < 10 . sec set by Burstein.

T

L
g E. Burstein, J. J. Oberly end J. W. Davisson, Phys. Rev. 89, 331 (1953).

L b o T
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Figure 3. Configuration coordinate diagram of the activator system for
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KC1l:T1l including the effect of angular dependence of the Tl+
charge density and the perturbation of the states of Tl+ by
the crystal fieid. (F. E. Williams, J. Phys. Chem. 57, 780

(1953)).
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SQUARED BROADENING RATIC

I l l
0 2 4 5 8 10

TEMPERATURE : /A

The theoretical ratio R(T) of the squared broadening at the temperature T
to its zero point value, is plottedas a function of the dimensionless variable
T/A. The temperature 4 = zﬁv/koaz 94°K in silicon, where v is velocity of
sound, a is the Bohr radius in the crystal, and k, is the Boltzman constaat.
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